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1 Introduction

There are lots of epidemiological models at hand, most of them working well, simply because is
not di�cult to �t (nearly) exponential growth/decline and it is not di�cult to make the growth
factor dependent on various factors. What is di�cult, however, is to distinguish the impact of
the factors from random �uctuations. Moreover, as many counter-measures as well as their release
come hand in hand, it is hard to distinguish their impact. In statistics, the former phenomenon is
called insigni�cance, the latter either non-ideti�ability (if the data do not allow to distinguish two
parameters) or co-linearity (if the parameters cannot be distinguished with su�cient certainty).
Last but not least, the epidemics is observed only indirectly through noisy and/or delayed data,
which obstacle cannot be handled only by adding noise to the observations. Needless to say that,
once these phenomenons are not taken into account or are handled insu�ciently, wrong policy
recommendations stem from the models.

Mathematical statistics disposes of tools to handle all signi�cance, co-linearity and partial ob-
servability; however, to our best knowledge, there is no work is systematically doing so for compart-
ment epidemiological models. The goal of the present paper is to start �lling this gap by proposing
a general stochastic epidemiological model, which we call SEIR Filter.

Our model is a discrete time discrete space one. Next we argue that this is the best choice for
practical use.

There is a large literature on continuous time di�usion models, see e.g. [2] and the refer-
ences therein. Yet these models are able to capture global properties of an epidemics and handle
noise, their practical usage is limited as it is di�cult to incorporate heterogeneity, caused by non-
pharmaceutical intervention, into these models. Moreover, given discrete time data, discretization
of these models is needed which does not inherit their favorable properties.

Another wide class of models are those with continuous time and discrete state space. In [3], for
instance, even an estimation procedure is developed for such a model. Yet these models are realistic,
respecting integer sizes of the compartments, again there is a problem with their application in
practice. When schools are closed, for instance, which time exactly should we change the transition
matrix?

As we have premised, we regard discrete-time discrete-space stochastic models as the most
practical. One of the models closest to our one is that by [7] (or [12]). When estimating its
parameters, the authors use Monte Carlo simulation to evaluate likelihood functions. We argue
and demonstrate that parameters of these models can be estimated more straightforward way, as
the likelihood (or other estimating) function can be computed exactly, which allows for quicker and
more reliable estimation.

In addition to the tractability of the estimating functions, our model allows for closed form
formulas for expected future compartment sizes and for reproduction number. We also give simple
criteria for vanishing and explosion of the epidemics, as well as bounds of limiting expected sizes
given stationary imports. All this allows various applications of the model, e.g. in optimal control
of the pandemics.

After a rigorous probabilistic formulation of the model (Section 2), we discuss its basic prob-
abilistic properties (Section 3), its autonomous sub-models and reproduction number (Section 4)
and asymptotic properties (Section 5). Next, we discuss estimation of the model (Section 6) and
demonstrate its usage by its application to the COVID pandemics in Czech Republic 2020 (Section
7). Finally, we conclude the paper (Section 8).
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2 Model De�nition

Assume an in�nite population, each individual of which is either susceptible, or �nds himself in one
of the compartments S1, . . . , Sk. Let It ∈ Nk0 , t ∈ N+

0 , be an observable external in�ow (import) of
individuals into the compartments and let Zt ∈ Rn, t ∈ N+

0 , be an observed exogenous process.

For any t ∈ N0, let Xt = (X1
t , . . . , X

k
t ) ∈ Nk0 , t ∈ N0, be a possibly hidden stochastic process of

the sizes of the compartments (1, . . . , k) which we de�ne later. Let

Yt ∈ Rn, Yt = FXt + εt, t ∈ N0,

be a process of observations where F is a deterministic n×k matrix with rank n, and εt is a random
vector. Denote (Ft)t≥0 and (Gt)t≥0 the �ltrations induced by (X,Y, I, Z), by (Y, I, Z), respectively.
The �ltrations may be seen as information �ows; in particular, (Ft) represents all the information
while (Gt) the observable one. We assume that

E(εt+1|Ft) = 0, var(εt+1|Ft) = diag(ΓtXt), t ∈ N0,

where Γt ∈ Gt is a random matrix.

We de�ne X recursively: We let X0 to be a possibly random vector and, for any t ∈ N, we put

Xt+1 = It +Nt+1 +M1,t+1 + · · ·+Mk,t+1.

Here, Nt+1 ∈ Nk0 is the in�ow of domestically infected indivuduals (di�erent from It) such that
Nt+1|Ft∼ Po(BtXt) where Bt = (βijt )1≤i,j≤k, Bt ∈ Gt (meaning that B is a (Gt)-adapted process)
is a random matrix and, for any vector x, Po(x) stands for a vector of independent Poisson variables
with the intensities given by x. Further, for any i,Mi,t+1 ∈ Nk0 is the distribution (not a probability
one) of those, who found themselves in compartment i at t, between the compartments at t+ 1. In
particular, M j

i,t+1 (the j-th component of Mi,t+1) is the number of the individuals who transited
from compartment j to compartment i from t to t + 1. Assuming the individuals to change their
state according to a common transition matrix Pt = (pijt )1≤i,j≤k ∈ Gt with the transitions being
conditionally independent given Ft, we get that Mi,t+1 has a multinomial conditional probability

distribution with parameters Xi
t and P

(i)
t where, for any matrix A, A(i) is the i-th column of A.

The assumed �ows of individuals are illustrated by the following chart.

Finally, we assume Nt+1,M1,t+1, . . . ,Mk,t+1, εt+1 to be mutually conditionally independent
given Ft (which, in words, means that all the dependence between the in�ows, the transitions
and the observation can be explained by the state of the system at t). Consequently,
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Xt+1| Ft ∼ ©1≤i≤mMultinomial(Xi
t , P

(i)
t ) ◦ Po(BtXt) ◦ δ(It),

where © and ◦ stand for the summation of (mutually) independent random vectors.

3 Model Properties

By probability calculus, we get that

E
[
Xt+1

Yt+1

∣∣∣∣Ft] =

[
E

F

]
(TtXt + It), (1)

var

(
Xt+1

Yt+1

∣∣∣∣Ft) =

[
E

F

]
Λt(Xt)

[
E

F

]T
+ diag

(
0k

ΓtXt

)
, t ≥ 0,

where E is the identity matrix and

Tt
def
= Pt +Bt, Λt(Xt)

def
=

k∑
i=1

[diag(P
(i)
t )− P (i)

t (P
(i)
t )T ]Xi

t + diag(BtXt), t ≥ 0.

Note that

Λt(x) =

k∑
i=1

Φt,ix
i, Φt,i

def
= diag(B

(i)
t + P

(i)
t )− P (i)

t (P
(i)
t )T , t ≥ 0, x ∈ Rk+,

i.e. Λt is linear in x.

Consequently, for any t, s ∈ N0, t > s,

E(Xt|Fs) = E(Ts,t−1Xs +

t−1∑
θ=s

Tθ+1,t−1Iθ|Fs) = E(Ts,t−1|Fs)Xs +

t−1∑
θ=s

E(Tθ+1,t−1Iθ|Fs),

where, for any matrix process A, As,t
def
= At × · · · ×As with As,s−1

def
= E.

In the special case that

Bτ ≡ Bs, Pτ ≡ Ps, s ≤ τ ≤ t, (2)

we have

E(Xt|Fs) = T t−ss Xs +

t−1∑
τ=s

T t−τ−1s E(Iτ |Fs),

and

E(Xt|Gs) = T t−ss E(Xs|Gs) +

t−1∑
τ=s

T t−τ−1s E(Iθ|Gs)

If, in addition, E(Iθ|Gs) ≡ µ for some µ ∈ Gs and (E−Ts) is invertible, the latter formula simpli�es
to

E(Xt|Gs) = T t−ss E(Xs|Gs) + (E − Ts)−1(E − T t−ss )µ.
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4 Sub-epidemics and Reproduction Number

We say that the subset of compartments D = {s1, . . . , sm} is subepidemic if, for any t and any
i ∈ D and j /∈ D, βijt ≡ βji ≡ 0, and pijt ≡ 0. In words this means that, for any i ∈ D, the
i-th compartment does not increase through direct infection, the infection does not depend on the
compartment, and it is impossible to get to the state i once being outside D.

Let, after a possible re-ordering, m ∈ N be such that {1, . . . ,m} is subepidemic (such m always
exists because it can be always put to k). For any vector x ∈ Rk, denote x its restriction to
(1, . . . ,m) and, for any matrix A ∈ Rk×k, denote A its restriction to (1, . . . ,m)× (1, . . . ,m).

Observe that X follows its own version of our model, namely that

Xt+1

∣∣Ft ∼ ©1≤i≤mMultinomial(X
i

t, P
(i)

t ) ◦ Po(BtXt) ◦ δ(It).

For any t, we de�ne the reproduction number rt (of a subepidemic {1, . . . ,m}) as

rt
def
=

∞∑
τ=t

1TE(BτP t,τ−1|Ft−1)πt, πt = E
{
ν
(
N t + It−1

)∣∣Ft−1} .
where ν is unit normalization of a vector. Observe that rt complies with the usual de�nition of
reproduction number as it equals to the conditional expectation (w.r.t. Ft−1) of the infections
caused by an individual having arrived at t. To see it, note that πt is the conditional distribution of
the state in which a randomly chosen newcomer (the one brought by the import or by the infection)
�nds himself at t, and observe that, for each newcomer at t, the expected number of those infected
by him at t + 1 is given by the sum of the components of Btπt, the expected number infected at
t+ 1 is given by the sum of components of Bt+1P tπt etc.

If Ft 6= Gt (i.e. X is not fully observed), then the reproduction number has to be estimated,
most naturally by its conditional expectation with respect to the known information:

r̃t
def
= E(rt|Gt) =

∞∑
τ=t

1TE(BτP t,τ−1πt|Gt−1).

In the special case of Bτ ≡ Bt−1, P τ ≡ P t−1, τ ≥ t, with ρ(P t−1) < 1 where ρ is the spectral
radius, the formula simpli�es to

r̃t = 1TBt−1

( ∞∑
i=0

P
i

t−1

)
E(πt|Gt−1) = 1TBt−1(E − P t−1)−1E(πt|Gt−1).

Note that, once N t is not observed, there could be di�culties computing E(πt|Gt−1) � yet the
estimate E(πt|Gt−1)

.
= ν(Bt−1E(Xt−1|Gt−1) + It−1) seems a straightforward choice, it is generally

not unbiased due to the normalization. This problem, however, vanishes if the imports and new
infections all fall into a single state (typically called exposed), in which case πt ≡ (1, 0, . . . , 0)T .

5 Asymptotic Behavior

Keep assuming that {1, . . . ,m} is subepidemics. The next Proposition states conditions for vanish-
ing, explosion and �stationary� behavior of the subepidemic compartments sizes.

Proposition 1. (i) If T t ≤ S component-wise, where S is deterministic with σ
def
= ρ(S) < 1, and

if EIt = o(t−α) for some α > 0, then Xt → 0 almost sure. Here, ρ denotes the spectral radius of a
matrix.
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(ii) If T t ≥ R where R is deterministic irreducible with %
def
= ρ(R) > 1 and either EX0 6= 0 or

EIτ 6= 0 for some τ , then ‖EXt‖ → ∞.

(iii) If EIt ≡ µ for some µ and R ≤ T t ≤ S such that σ
def
= ρ(S) < 1, then

lim inf
t

EIt ≥ (E −R)−1µ, lim sup
t

EIt ≤ (E − S)−1µ

Proof. (i) We have

EXt = E(E(Xt|G0)) = E(T 0,τ−1X0 +

t−1∑
θ=0

T θ+1,t−1E(Iθ|G0))

≤ E(StX0 +

t−1∑
θ=0

St−θ−1E(Iθ|G0)) ≤ at + bt, at = StEX0, bt =

t−1∑
θ=0

St−θ−1EIθ

Thanks to the sub-unit spectral radius of S, we have at → 0. Further, by the non-negativity of H
and the properties of convergence, there exists c ∈ Rm+ such that EIt ≤ c(t+ 1)−1. Thus, for any ς
ful�lling σ < ς < 1, we get, after re-indexing the sum,

bt =

t−1∑
τ=0

SτEIt−τ−1 ≤
t−1∑
τ=0

Sτ c
1

(t− τ)α
=

1

tα︸︷︷︸
→0

×
t−1∑
τ=0

(ς−1S)τ c︸ ︷︷ ︸
→(E−ς−1S)−1c

(
ςτ/α

t− τ

)α
︸ ︷︷ ︸

≤d

→ 0;

the second convergence holding because ρ(ς−1S) = σ
ςt
< 1, the upper bound d existing as f(τ)

def
=

tςτ/α

t−τ increases in τ = t−1 and its derivative has only a single root, so we have f(τ) ≤ max(f(0), f(t−
1)) = max(1, ς

t−1
α t) ≤ d def

= max(1, 1
eς1/α|α−1 ln ς| ) on [0, t− 1]. Finally, thanks to the non-negativity

of X, convergence of EXt su�ces for a.s. convergence of Xt.

(ii) Let EX0 6= 0 and % > 1. As R is irreducible non-negative % is its eigenvalue and the corre-
sponding eigenvector x is positive by the Perron-Frobenius Theorem. Further, by the irreducibility

of T , there exists n such that y
def
= RnEX0 > 0 component-wise, so there exist e > 0 such that

y ≥ ex. Thus
EXt ≥ RtEX0 ≥ Rt−ny ≥ eRt−nx

norm of which converges to in�nity. The proof for EIτ 6= 0 is analogous.

(iii)

EXt =
∑t−1
τ=0 T τ,t−2µ+ T 0,t−1EX0 ≤

∑t−1
τ=0 S

τµ+ St−1EX0 → (
∑∞
τ=0 S

τ )µ = (E − S)−1µ and
similarly for R.

Example 2. Say there are �ve states E � exposed, Ia � infectious asymptomatic, who will never
show symptoms, Ip � infectious pre-symptomatic, who will later show symptoms, Is � infectious
symptomatic, and R � removed, including recovered, dead, and infectious isolated. All the I•
states are equally infectious, i.e. βExt = βt, x ∈ {Ia, Ip, Is}, where β is a Gt-adapted process. The
probability that the exposed transits to {Ia, Ip} is σ, the probability of completely asymptomatic
course is α, the probability of transition from Ip to Is is ς. Further, the probability of ending Ia
or Is, by natural causes (recovery, end of infectiousness, death in case of Is) is %a, %s, respectively.
Finally, the probability that a symptomatic individual isolates himself is η and the probability that
the individual is isolated regardless of his state is θt for some Gt-adapted process θ. The situation
is illustrated on the following Figure:
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If we neglect (small) joint probabilities of natural exits from the infectious states and the isola-
tions, we get

Pt =


1− σ − θt 0 0 0 0

ασ 1− %a − θt 0 0 0
(1− α)σ 0 1− ς − θt 0 0

0 0 ς 1− %s − η − θt 0
θt θt + %a θt θt + η + %s 1

 , Bt =


0 βt βt βt 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


Clearly, we can put m = 4 (the �rst four states are subepidemic), getting

T t = C(βt)− θtE, C(β) =


1− σ β β β
ασ 1− %a 0 0

(1− α)σ 0 1− ς 0
0 0 ς 1− %s − η

 .
By the well known rule, we have ρ(T t) = ρ(C(γt)) − θt. We consider two ways of decreasing the
spectral radius: decreasing the infection rate βt (typically by some counter-epidemic measures) and
increasing the isolation rate θt (e.g. by strengthening the tracing capacity).

Once there is a �target� spectral radius ρ0, all the combinations of β and θ yielding ρ(T t) = ρ0
ful�ll ρ0 + θ − ρ(C(β)) = 0 giving a �marginal rate of substitiution� θ(β)′ = − ∂

∂β ρ(C(β)) of the
infectiousness by the isolation, i.e. how much we have to increase the isolation speed when we
release the restrictions.

Example 3. Assume the fraction ν of the population is non-compliant, which means that, once
a restriction on social contacts is imposed, they apply it only partially. Assume that, without
restrictions, the population is mixed which means that each individual, compliant or not, has, up
to a constant, (1−ν) contacts with the compliant individuals and ν contacts with the non-compliant
ones. Once there is a measure under which the compliant individuals restrict their opportunities
to contacts by φ, the non-compliant ones do so only to f(φ) > φ . As a result, the compliant ones
will have, up to a constant, φ2(1− ν) contacts with the compliant ones, φf(φ)ν contacts with the
non-compliant ones, while the non-compliant will have φf(φ)(1− ν) and f(φ)2ν contacts with the
compliant, non-compliant, respectively.

Assuming a simple epidemic model with compartments Ic - infected compliant, In - infected non-
compliant, and R - removed, with the course of infection being the same for both the compartments
such that β1i

t = βci where β is a constant and ci is the number of contacts of the i-th sub-population,
this gives

Pt =

 1− % 0 0
0 1− % 0
% % 1

 , Bt =

 βφ2(1− ν) βφf(φ)ν 0
βφf(φ)(1− ν) βf(φ)2ν 0

0 0 1


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where % is a removal rate (perhaps consisting of an arti�cial and a natural part). This gives

T t = βC + (1− %)E, C =

[
φ2(1− ν) φf(φ)ν

φf(φ)(1− ν) f(φ)2ν

]
with

%(T t) = βρ(C) + (1− %).

As the characteristic polynomial of C is

λ2 − λg, g = g(φ, ν) = φ2(1− ν) + f(φ)2ν

we clearly have ρ(C) = g.

Now say that our goal is to decrease ρ(T t) to a predetermined value r by �nding appropriate
φ = φ(ν). In order to do so, we have to solve

βg(φ(ν), ν) + (1− %) = r.

Clearly, φ(0) = φ0
def
=
√

r−1+%
β . For ν > 0 we get, by the Implicit function theorem,

∂

∂ν
φ =

f(φ(ν))2 − φ(ν)2

2φ(ν)(1− ν) + 2f(φ(ν))f ′(φ(ν))ν
.

Note that the derivative depends neither on r nor on % . Thus we can easily compute how the
non-compliance in�uences strictness of the necessary restrictions. For instance, we can get by the
�rst-order Taylor expansion at ν = 0:

φ(ν)
.
= φ0 + ν

f(φ0)2 − φ20
2φ0

= φ0

(
1− ν

2

)
+ ν

f(φ0)2

2φ0

roughly holding for ν close to zero.

6 Estimation

For any stochastic process A and integers s > t, denote Âs|t = E(As|Gt). When Tτ ∈ Gt, t < τ ≤ s−1
(which is trivially true if s = t+ 1), we get that

[
X̂s|t

Ŷs|t

]
= E

(
E

([
X̂s

Ŷs

]∣∣∣∣∣Fs−1
)∣∣∣∣∣Gt

)
=

[
E

F

](
Ts−1X̂s−1|t + Îs−1|t

)
=

[
E

F

](
Tt,s−1Xt +

s−1∑
θ=t

Tθ+1,s−1Îθ|t

)
,

Ws|t
def
= var (Xs| Gt) = var (E (Xs| Fs−1)| Gt) + E (var (Xs| Fs−1)| Gt)

= var (Ts−1Xs−1 + Is−1|Gt) + E (Λs−1(Xs−1)| Gt)
= Ts−1Ws−1|tT

T
s−1 + 2Ts−1cov(Xs−1, Is−1|Gt) + var (Is−1|Gt) + Λs−1(X̂s−1|t)

and

Vs|t
def
= var

(
Xs

Ys

∣∣∣∣Gt) = var

(
Xs

FXs + εs

∣∣∣∣Gt) =

[
E

F

]
Ws|t

[
E

F

]T
+ diag

(
0k

Γs−1X̂s−1|t

)
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Unfortunately, due to the non-Gaussianity, we have analytical formulas neither for Xt|t nor for
Wt|t, so we can formulate neither the likelihood function nor a least square estimate. Two, from
the computational point of view equivalent, ways to cope with this are using estimates of the
conditional expectation and variance, or normally approximating the residuals. We go the latter

way: in the present Section, we assume that
[
Xt+1

Yt+1

]∣∣∣Ft is normal with mean given by (1) and

var

(
Xt+1

Yt+1

∣∣∣∣Ft) =

[
E

F

]
Λt(Xt ∨ 0)

[
E

F

]T
+ diag

(
0k

Γt(Xt ∨ 0)

)
Given this assumption, we have, by the well known formula (see e.g. [1]),

X̂t|t = It−1 + X̂t|t−1 +Kt

(
Yt − Ŷt|t−1

)
Kt

def
= V XYt|t−1(V Y Yt|−1)−1 = Wt|t−1F

TD−1t , Dt = FWt|t−1F
T + diag(ΓtX̂t|t−1)

Wt|t = V XXt|t−1 − V XYt|t−1(V Y Yt|t−1)−1V Y Xt|t−1 = Wt|t−1 − Wt|t−1F
TD−1t FWt|t−1

Note that Kt may be seen as a conditional version of a Kalman gain matrix.

Assume that F = F (Θ0),Pt = Pt(Θ0), Bt = Bt(Θ0), Γt = Γt(Θ0) and It = It(Θ0) where
Θ0 ∈ Rr is an unknown parameter. For its estimation, it is possible to to use either nonlinear least
squares, i.e.

Θ̂ = arg min
∑
t

(Yt − Ŷt|t(Θ))TUt(Yt − Ŷt|t(Θ))

where Ut ∈ Gt−1 is a suitable weighting matrix, or

Θ̃ = arg min
∑
t

ϕ(Yt − Ŷt|t(Θ), Dt(Θ)), ϕ(x, v) = −k ln 2π + ln det(v) + xT v−1x

2

Both these estimators are consistent and asymptotically normal under some conditions, see [5], [6],
respectively. Verifying these conditions for our model is, however, beyond the scope of this short
technical report and remains as topic of a future research. Note also that our proof of Proposition
1 is not valid for the approximate model, as X is not necessarily positive here.

7 Application to The COVID Pandemics in Czech Republic

We applied our model to the data from the �rst and second wave of the pandemics in the Czech
Republic between February and November of 2020. We considered a generalized version of the
model from Example 2, compartments of which are shown in the following Picture:
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To the compartments from Example 2 we added their �detected� versions, distinguishing detec-
tion when being asymptomatic (subscript δ) and when being symptomatic (subscript d). Moreover,
for both the symptomatic and the asymptomatic course, we added the states in which the individu-
als are RNA positive, but not infectious (denoted by J). We also distinguish two �removed� states:
recovered (R) and dead (D). All the J and R states have three versions: undetected, detected
when asymptomatic and detected when symptomatic. Assuming that once the undetected course
ends by death, the detection takes place before the time of death, we have only two death states:
detected when asymptomatic and detected when symptomatic.

We use the following parameters of the disease, obtained from the literature:

Par. description Source

mE = 5.08 mean of incubation period [4]
α = 0.179 probability of asymptomatic course [8]
ma = 4 expected duration of presymptomatic period [9]
mi = 8 expected duration of infectiousness [13]
my = 22.6 expected duration of RNA positivity for asymptomatic [10]
ms = 25.2 expected duration of RNA positivity for asymptomatic [10]

Assuming the compartment occupation times to be exponential, we get the following transition
probabilities:
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Par.

σ = 1− exp{−1/mE}
ς = 1− exp{− 1

ma
}

δs = 1− exp{− 1
ms
}

δa = 1− exp{− 1
mi+ma

}
ιa = 1− exp{− 1

my−mi−ma }
ιs = (1− r)(1− exp{ 1

ms−mi−ma })
µ - estimated

Similarly as in the Example, we assumed equal infectiousness βt for all the infectious states
Ia, Ip, Is, varying in time:

βt = βctpt (3)

where β is an (estimated) constant, ct is the contact reduction (with c0 = 1) and pt is the reduction
caused by personal protection.

The �removal� are η and θ, which both are also time-varying. Re�ecting the weekly pattern of
reporting, we assume

θt = φt+1θ, ηt = φt+1η

where φt is the adjustment for the day of the week, having di�erent values for di�erent weekdays
and being computed in a standard way from lnRt where Rt is the total number of positive cases.

1

The following graph illustrates de-seasoning we made:

We use three data series as observations: the daily numbers of detected cases, distinguished
between symptomatic (S), asymptomatic (A) and daily numbers of dead (D), i.e.

Yt =

 At
St
Dt

 .
As for the transformation matrix F , we put F = (f ij) where f1iis one/zero if the state i is/is not
detected asymptomatic on the Figure above, and similarly with f2i � detected symptomatic and f3i

� dead.

Assuming the imports only to the state E, we take

It = rtMt+8

1In particular we assume ∆Rt = φt∆rt where r is a �trend� without oscillations and
∏7

i=1 φi = 1, which

gives ln(∆Rt) = ln(φt) + ln(∆rt) and
∑7

i=1 lnφi = 0. Assuming r to be locally linear, we estimate lnφt =
1
4

∑4
i=1

(
ln(∆Rt−7i) − 1

7

∑3
j=−3 ln(∆Rt−7i+j)

)
− 1

18

∑28
i=1 ln(∆Rt−i)
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where Mt is the number of detected with the indicated infection abroad and rt is a multiplication
factor. We took rt = ι for t < 30 (the �rst month), where ι is an unknown parameter; this allowed
us to re�ect the excess numbers of dead in comparison with the detected, which suggests that
many of the cases remained unnoticed in the beginning of the pandemics. For the next months
of the pandemics, we took rt = 1

1−α to re�ect the fact that the fraction α of imports will remain
asymptomatic.

The following graphs show the time series we mentioned.

To compute ct and pt we used [11] which is a longitudinal study, inquiring a panel of 3000 re-
spondents about their (weekly) intense contacts, observance of several personal protection measures

(see the Table below), and some other variables. Using this, we compute ct = Ct−∆

C0
where Ct is

the average reported number of contacts people had at a given time (the weekly reponses values
are linearly interpolated assuming the responded values on Wednesdays) and ∆ is an unknown
parameter, re�ecting our lack of knowledge concerning a delay.

With determining the level of personal protection pt, the situation is more complicated, as the
study monitors observance of several protective measures. However, if we assume that the i-th
measure reduces the probability of infection by λi, we get that, denoting π

i
t the average observance

of the i-th measure among the respondents at t, that the average reduction brought by the the
measure will be (1− πit)× 1 + πit(1− λi) = 1− πitλi. This gives total reduction

pt
def
=

q∏
i=1

(1− πitλi).

where q is the number of measures. Unfortunately, λi are unknown and their estimation would
bring a serious danger of over-�tting and/or co-linearity (series π1

t , . . . , π
q
t are almost perfectly co-

related). To overcome this di�culty, we applied factor analysis to (Ct, π
1
t , . . . , π

q
t ) on the respondent

level, treating the responses in di�erent times as separate observations. As a result, we extracted
two main factors as shown in the following Table
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f g Value
0.563 0.352 Avoiding caughing people (yes or no)
0.315 0.669 Avoiding crowded places
0.269 0.454 Wearing a mask or a respirator
0.394 0.610 Restricting physical contact with people
0.539 0.095 Using desinfection
0.526 0.295 Avoiding people being in contact with an infected
0.081 0.734 Avoiding public transport
0.417 0.100 Taking vitamines
0.640 0.201 Avoiding touching nose and eyes
0.565 0.261 Extra hygiene
0.661 0.121 Washing hands after coughing
0.670 −0.244 Washing hands after using public transport.
0.084 −0.517 Ct

It can be seen that, while the �rst factor speaks more about contacts, the second one concerns
personal protection, lacking connection with C. Being interested in the protection, we approximate

πit
.
= πit + νtft

where πit is the average of π
i
t over time and respondents, νt is a constant and ft is average of the

second factor over respondents at t. Having that. we could approximate

pt
.
=

q∏
i=1

(1− λi(πit + νtft)) = exp

{
q∑
i=1

ln(1− λi(πit + νtft))

}
.
= exp

{
−

q∑
i=1

λi(πit + νtft)

}
= ω0 exp {−ω1ft}

where ω0, ω1 ≥ 0. Consequently, we take

βt = bct exp {−ω1ft} , b = βω0.

Not assuming additional errors of observations, we Γt ≡ 0.

For estimation, we used Weighted least squares with weights

Ut = diag

(
1

max(rt, 20)
,

1

max(rt, 20)
,

1

max(dt, 5)

)
where rt is the weekly average of reported positive over past week and dt is the weekly average of
dead.

The results of the estimation, based on data from February 24th to November 5th, 2020, can
be seen in the following Table:

Estimate Std. Error z Signi�cance
ι 0 0.204 0 1∗∗∗

b0 0 0.302 0 1∗∗∗

ω1 2.30022 1.004 2.291 0.022∗

∆ 5.14679 0.314 16.39 0∗∗∗

µ 0.00198165 0 5.722 0∗∗∗

θ 0.0347199 0 257.228 0∗∗∗

η 0.644159 0.005 142.484 0∗∗∗
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Yet the standard errors and signi�cance are only indicative here (we did note verify regularity
conditions), the result suggest a good �t.

The following graphs show standardized residuals, standardized mean absolute errors of a one
day ahead prediction and the predictions of weekly amounts. The red lines stand for predictions,
the blue ones for actual data.

Standardized residuals Stamdardized MAE Seven-day prediction

A

S

D

The residuals are standardized in the sense that the actual residual is divided by the standard
deviation of the one-day ahead prediction (its square is found on the diagonal of the Vt|t−1). The
MAEs are standardized divided by the weekly averages, i.e. they estimate in fact the MAEs of the
relative increments. The predictions are in-sample in the sense that they use parameters originated
from the estimation over the whole period; however, the predictions are always based only on the
data available at the moment of prediction.

These results clearly show limitations of the present simple parametrization of the model. First
of all, the �standardized� residuals are far from having unit variance which means that the actual
variance of the observations is much bigger than that predicted by the model, the problem being
more severe with the reported infections and less severe with deaths. It is clear that assuming a
non-zero Γt (i.e. observation errors), can make the variances right; then, however, the prediction
errors increase; resolving this puzzle is a topic for the future research.

It is also clear from the graphs that, the model tends to over-estlimate reported infections
between the individual waves. This can be naturally attributed to better tracing when numbers are
low. In addition, asymptomatic numbers are over-estimated even during the �rst wave. A natural
solution here is to assume a variable rates θ, which was proved to increase the prediction power,2

but it can bring a danger of over-�tting.

8 Conclusion

We presented a stochastic epidemic model, formulated its basic properties and suggested way of
its estimation, all demonstrated by a real-life example. They are, however, things to be done,

2In the Situation report 44 by BISOP , for instance, θt was approximated by a piece-wise linear function with
kinks at 24/02/20, 16/03/20, 26/04/20. 04/07/20, 06/08/20, 16/09/20 and 27/10/20 and taking values θ0, . . . , θ6 at
these points. We got the following parameters by ML estimation:
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in the �rst place formulation of regularity conditions which would assure desirable. asymptotic
properties. Another issue to deal with is the underestimation of the variances of X and or Y ; the
most probable reason for this is that the actual infection is not Poisson but rather the arrival of new
cases is stochastically dependent. However, even as it is, it can be immediately used for statistically
correct modeling of an epidemics.
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